A combined analytical and computational model is developed to study the mechanics of strained epitaxial island growth in typical semiconductor systems. Under certain growth conditions in systems with a film/substrate lattice mismatch, deposited material is known to aggregate into islandlike shapes with geometries having arc shaped cross-sections. A two-dimensional model assuming linear elastic behavior is used to analyze an isolated arc shaped island with elastic properties similar to those of the substrate. The substrate is assumed to be much larger than the island. Finite element analysis shows that in order to minimize the total energy, which consists of strain energy, surface energy, and film/substrate interface energy, a coherent island will adopt a particular height-to-width aspect ratio that is a function of only the island volume. It is then shown that for an island with volume greater than a certain critical size, the inclusion of a mismatch strain relieving edge dislocation is favorable. The criterion for the critical size is based on a comparison of the configurational forces acting on the edge of the island in the presence of an edge dislocation. Finally, a finite element calculation combined with an analytical treatment of the singular dislocation fields is used to determine the minimum energy island aspect ratio for the dislocated island/substrate system. The combination of the minimum energy morphology studies for the coherent and dislocated systems with the dislocation nucleation criterion gives a complete model for strained epitaxial island growth which can serve as a basis for interpretation of experiments.
I. INTRODUCTION
The fabrication of semiconductor heterostructures by means of strained layer epitaxy has created a need for mechanical modelling of thin film growth processes. Fabrication techniques allow for the control of thin film growth to the individual atomic monolayer, but mechanical effects are responsible for some morphological variations and structural imperfections. An understanding of these morphological variations and mechanical defects is critical in the fabrication process. For example, the shift from direct coherent layerby-layer growth to so-called three dimensional growth holds promise as a potential method of producing quantum structures, including quantum wires and quantum dot arrays. 1 However, the exact shape and size distribution of the nanostructures must be predictable and well understood. Also, since little is known about the harmful effects of dislocations on device performance, the onset of dislocations in various geometries must be understood so that devices can be fabricated in coherent-growth regimes. This has been the motivation for a reliable critical thickness theory in the case of uniform strained layer growth.
In common semiconductor heterostructure material combinations such as SiGe/Si and InP/GaAs, the high degree of lattice mismatch leads to strains of up to several percent in uniform films. The strain energy is sometimes reduced by Stranski-Krastanow ͑SK͒ or Volmer-Weber ͑VW͒ growth, which are both characterized by island formation. 2 The islands tend to grow in fairly uniformly spaced arrays ͑for reasons that are not yet understood͒, and the islands themselves are usually dome-shaped, although cigar-shaped or elongated islands have been observed in some higher temperature growth regimes. 3 The island cross-sectional profiles are commonly arc shaped, as has clearly been shown by transmission electron microscopy ͑TEM͒ dark-field images by several researchers. 2, 4 Island characteristic lengths are on the order of 10 nm.
While island formation tends to relax elastic strain from the level found in a uniform film, the resulting strain fields are highly nonuniform. High resolution TEM images of island arrays show the nonuniformity of the strain in the islands and the nearby substrate, 2 and some images show dislocation formation in islands of sufficient volumes. 3 Also, calculations of coherent island strain distributions have been made but, as in other previous analyses, the substrate compliance is not considered. 5 Other studies have considered specific mechanisms of dislocation nucleation at island/ substrate interfaces. 6 Some experimental findings suggest that islands change shape after dislocation formation. Perhaps the most compelling experimental studies of island morphology are by LeGoues et al. 7 They observe in real time a steady increase in coherent island aspect ratio during growth, followed by a sudden drop in the aspect ratio associated with dislocation nucleation, and then continued steady growth before further dislocation nucleation.
In this work, a computational and analytical model of a two dimensional, circular arc shaped island is developed. Section II describes this model; the geometry is treated nondimensionally so that all length parameters are normalized by the island width. Similarly, strain levels are normalized by the mismatch strain, and the moduli of the film and substrate, considered to be the same, are normalized by the biaxial modulus of a uniform film. A finite element model is introduced, and a sample equilibrium strain field calculation is given to demonstrate the nonuniformity of the strain in both the island and substrate. Section III gives the three main results of the study. First, the total energy for a coherent system is modeled and the preferred island aspect ratio is shown to be a function of the island volume. Second, the configurational forces on the island edge, due to an interface edge dislocation, are considered. The dependence of the forces on the island volume leads to a critical island size above which the presence of a dislocation is favored. Finally, the total energy of a dislocated island/substrate system is modeled using a computational approach to treat the geometry of the boundary value problem and an analytical approach to address the singular fields due to the interface dislocation. The equilibrium island aspect ratio is then determined for two representative island sizes.
II. THE MODEL
The present study is based on a model of an isolated island on a substrate under two-dimensional plane strain conditions. The materials are assumed to have identical elastic properties. For an epitaxial interface, an internal stress distribution arises due to a mismatch in lattice parameters between the island and its substrate. The substrate is so large compared to the island that its dimensions are inconsequential. The configuration is depicted in Fig. 1 . The shape of the island surface in the plane is taken to be a segment of a circular arc, but both the area of the island ͑volume per unit depth normal to the plane of Fig. 1͒ and the aspect ratio of the island are allowed to vary arbitrarily. The mechanical analysis is based on a linearly elastic continuum description of the system.
A. Geometry of the system
The geometry of the island is described in terms of the island width a and the aspect ratio h/a where both a and h are defined in Fig. 1 . The area of the island A in the plane and the surface arc length L in the plane can be expressed in the form
where the area function f A and length function f L are dimensionless. In terms of the aspect ratio h/a, the radius of the circular arc representing the free boundary of the island is
The area and length functions can then be expressed in terms of this ratio as
Within the family of island shapes considered, the shape and size of any particular island is completely characterized by the area A and aspect ratio h/a.
B. Mechanical model
The island/substrate system is modeled within the framework of the linear theory of elastic solids. The mismatch strain in systems of interest can be as large as several percent. However, the strains over most of the region are expected to be small enough for the linear theory to represent a reasonably accurate idealization over nearly the entire material volume. The isotropic extensional mismatch strain ⑀ m is defined in terms of the lattice parameter d of the island (I) and substrate (S) materials as
It should be kept in mind that ⑀ m is a system parameter, but that it does not actually represent an elastic strain in the system except in the special case of a very thin uniform strained film on a substrate. For the growth of Si 1Ϫx Ge x on Si͑100͒, for example, ⑀ m ϭϪ0.042x, where x is the fractional content of Ge in the alloy. The isotropic island and substrate materials are assumed to have identical elastic shear modulus and Poisson ratio , in which case the biaxial elastic modulus of both materials is
Suppose that x k , k ϭ 1,2 are rectangular coordinates in the plane of deformation, with the origin of coordinates at the midpoint of the island/substrate interface as shown in Fig. 1 . The ''loading'' which produces the internal strain field is represented completely by the dimensionless mismatch strain ⑀ m . In particular, there is neither a length scale nor a force scale associated with the loading. This observation can be exploited in the following way. As in the preceding section, the island width a represents the characteristic length of the system. Then, the coordinates of material points are normalized with respect to a as x k ϭ x k /a. The particle displacement u k (x 1 ,x 2 ) is associated with the elastic strain due to the residual mismatch strain in the partially relaxed island; strain is measured locally from the stress-free configuration of the material. Due to linearity of the system, each component of displacement must be proportional to ⑀ m . Furthermore, on dimensional grounds, each component of u i must be proportional to a. Therefore, the displacement must have the form u k (x 1 ,x 2 )ϭ⑀ m aũ k (x 1 ,x 2 ) where the scaled displacement ũ k is dimensionless. Because the elastic strain is the spatial gradient of displacement, it follows in turn that the strain distribution within both the island and substrate has the form ⑀ i j (x 1 ,x 2 )ϭ⑀ m ⑀ i j (x 1 ,x 2 ).
The total strain energy of the configuration can then be written as
where C i jkl ϭC i jkl /M and Ĩ ϩ S is the area occupied by the island and substrate in scaled coordinates. The important consequence of these dimensional considerations is that the integral in this expression ͑7͒ depends on the shape of the island but not on its absolute size, nor does it depend on either the mismatch strain or the modulus. In other words, quantitative features of islands of all sizes with a given aspect ratio can be established by carrying out detailed computations for an island of ''unit'' size with the given aspect ratio. This scaling rule is more than a mathematical convenience. It implies immediately that the strain fields of islands with similar shapes are similar, no matter what the relative sizes might be.
C. Finite element model
A spatial discretization of the island and substrate is introduced in order to determine the equilibrium distribution of elastic strain in the system by means of the numerical finite element method. The finite element mesh in the island and in the nearby portion of the substrate is shown in Fig. 2 . The meshed region representing the substrate actually extends over Ϫ10aрx 1 рϩ10a, Ϫ10aрx 2 р0 with the mesh resolution becoming coarser with distance from the island. With these dimensions, the strain distribution in the island and nearby portions of the substrate are insensitive to the conditions imposed on the remote boundaries at x 1 ϭϮ10a and x 2 ϭϪ10a, so these boundaries are taken to be free of traction. The mesh is most highly resolved in and around the island, where the resolution is a/100 in length. With this resolution, the strain distribution determined by means of the finite element method is expected to be very accurate everywhere except in the immediate vicinity of the corners where the island meets the substrate. However, the relative volume of the affected corner regions is too small to adversely influence the estimate of total strain energy for the system.
The influence of the mismatch strain is effected by requiring the island to undergo an isotropic expansion ͑in three dimensions͒ while continuity of particle displacement across the island-substrate interface is enforced. Due to the constraint of the substrate, the mismatch strain in the island is only partially relaxed and the substrate deforms under the action of the tractions transmitted across the interface. An equilibrium strain field is sought for the condition when the system is completely free of externally applied tractions on its surface. For purposes of the calculation, the value of the Poisson ratio is taken to be ϭ0.22.
D. Strain field calculations
In the next section, some conclusions are drawn from the variation of the total energy of the system as a function of aspect ratio. However, the details of the elastic strain distribution within the island are also of interest. The nature of the deformation field is illustrated in Fig. 3 for a compressive mismatch strain and the particular case of h/aϭ0.2; the undeformed mesh is shown in Fig. 2 for comparison. The amplitude of the deformation illustrated has been uniformly scaled by an arbitrary factor in order to bring out its essential features.
Several features of the strain field are evident from this figure. The island tends to expand in the direction along the interface, but it is constrained from doing so by the substrate. Thus, the magnitude of the extensional strain in the island in this direction is reduced from the mismatch strain magnitude. In order to generate a resistance to the expansion of the island, the substrate necessarily undergoes an extension in the direction along the interface, which is evident in Fig. 3 . Furthermore, as the island tends to expand, it compresses the substrate material along the free surface immediately adjacent to the edges of the island. This deformation would give neighboring strained islands on the substrate the tendency to repel each other. Indeed, in their real time observations of island behavior, LeGoues et al. 7 report that small islands are clearly repelled by larger islands as their boundaries approach each other. Another noteworthy feature of Fig. 3 is that the strain distribution is very nonuniform, and this is the case for aspect ratios h/a greater than about 0.05. Because the island is restrained from expanding only along the interface, it responds to this asymmetric boundary traction by bending. As a consequence of this bending, the interface be- tween the island and the substrate becomes curved, as is evident in Fig. 3 , and the magnitude of the extensional strain diminishes with distance from the substrate. Thus, the main qualitative features are that the magnitude of the elastic strain in both the island and the substrate differs significantly from the magnitude of the mismatch strain, the strain distribution is spatially nonuniform, and the strain in the substrate adjacent to the islands implies short range repulsion of adjacent islands.
Quantitative results on the calculated distribution of strain along the island centerline, which is x 1 ϭ 0 in Fig. 1 , are shown in Fig. 4 . This shows the extensional strain in the x 1 direction versus aspect ratio h/a at three points along the centerline, namely, the interface or bottom of the island ͑B or x 2 ϭ 0͒, the midpoint ͑M or x 2 ϭ h/2͒, and the top surface of the island ͑T or x 2 ϭ h͒. The extensional strain is normalized by the mismatch strain, which may be positive or negative. When the aspect ratio is very small, the strain is nearly uniform in the island and is nearly equal to the mismatch strain everywhere; this is essentially the case of a uniformly strained thin film on a substrate. As the aspect ratio increases beyond about 0.05, the strain becomes increasingly nonuniform. For an aspect ratio of 0.2, which falls within the commonly observed range for coherent islands, the strain at the bottom of the island is about 55% of the mismatch strain, the strain at the midpoint is about 30% of the mismatch strain, and the strain at the top of the island is only about 5% of the mismatch strain. This strain distribution is typical of bending stress fields. For this same aspect ratio, the extensional strain in the substrate is also about 50% of the mismatch strain in magnitude, but of opposite sign. The calculations suggest that the strain at the top of the island actually becomes opposite in sign from the mismatch strain. While this may be so in actual islands, the fact that noncircular island shapes are not considered here probably results in an overestimate in the degree to which this will occur. Similar observations have been reported by Gray et al. 8 for rectangular island profiles. A comparison of the calculated distribution of extensional strain in the direction along the interface to previously reported strain measurements 4 is shown in Fig. 5 . The data are shown in the form of normalized lattice spacings, following the reported observations of Guha et al. 4 Results are shown for the line given by x 1 ϭ 0 in Fig. 1 for Ϫ 0.36 р x 2 /a р 0.32. The lattice spacing is normalized by the measurement made at x 2 /a ϭ Ϫ0.36. Due to the constraint of epitaxy, the lattice spacing is continuous across the interface, whereas the elastic strain is discontinuous at the interface by an amount equal to the mismatch strain. The agreement is good, but there are significant differences over the region near the interface in both the island and the substrate. It would appear from the data that the experimental measurements do not satisfy the mechanical equilibrium condition. It is possible, however, that some other physical effect such as interdiffusion, which is not considered in the present model, is responsible for the differences between the experimental measurements and the values calculated here.
III. RESULTS AND DISCUSSION

A. Morphology of a coherent system
The total free energy of the system is assumed to consist of the elastic strain energy, the free surface energy, and the energy of the island/substrate interface. These energies are estimated here for a general aspect ratio, and the relative contributions of elastic energy and surface energy are considered. Then, the variation of total free energy with aspect ratio is considered, and it is shown that there is an equilibrium aspect ratio at which the total free energy is a local minimum under variations in aspect ratio at fixed island volume.
Strain energy and surface energy
As the island tends to expand in order to relax the elastic strain induced through mismatch with the substrate, it is constrained from doing so by the substrate. Thus, there is an elastic strain distribution in the island with the strain level being relaxed to some degree from the level of the mismatch strain. The island also exerts tractions on the substrate as it tends to relax, so there is a strain distribution in the substrate as well. The total elastic strain energy in the system scales in the way described in Sec. II, and it is given by 
where F m represents the integral term in ͑7͒ which depends on the shape of the island but not on its absolute size. This quantity is determined numerically by means of the finite element method for a range of aspect ratios for the island of ''unit'' size, and the strain energy for an actual island can then be determined by means of the scaling indicated in ͑7͒ and ͑8͒. The change in the total surface/interface energy of the system due to formation of the island is handled in a similar way. The surface energy densities of the island and the substrate materials are denoted by ␥ I and ␥ S , respectively, and the energy density of the island/substrate interface is denoted by ␥ IS . Then, the change in total surface energy of the system ͑per unit depth normal to the plane of Fig. 1͒ is
where f L is defined in ͑4͒. It is assumed here that ␥ I ϭ ␥ S ϭ ␥ and ␥ IS ϭ 0 although the calculations can be carried out for any other ratios of these surface and interface energy densities as well.
Free energy as a function of aspect ratio
The total change in free energy due to the formation of the island from unconstrained material is ⌽ ϭ U ϩ ⌫. By using the scaling rule already established, the direct influence of the island aspect ratio at fixed island volume on the change in free energy ⌽ becomes apparent. For a given set of system parameters M , ␥, and ⑀ m , the total change in free energy can be written as the product of a factor that depends only on the absolute volume of the island and a factor that depends only on the aspect ratio of the island. If the energy is normalized by the factor depending on absolute size, then the change in free energy of the system per unit volume of island material is given by
where R is the dimensionless ratio defined by
The parameter R represents a measure of the relative importance of surface energy to strain energy in the system; alternatively, for a given set of system parameters, it is an inverse measure of the size of the island which is independent of the shape.
The normalized strain energy is a decreasing function of aspect ratio, consistent with the notion that more and more of the elastic strain can be relaxed as the island becomes taller and narrower. On the other hand, the normalized surface energy per unit volume is an increasing function of aspect ratio, due to the fact that the ratio of its surface area to the amount of substrate surface covered is increasing. Consequently, for islands of small volume for which surface energy effects are more important than elastic energy effects, the equilibrium aspect ratio is expected to be small. On the other hand, for islands of larger volume for which elastic effects are more important, the equilibrium aspect ratio is expected to be larger. These trends are illustrated quantitatively next.
For a fixed value of R, the quantity ⌽ depends only on the island aspect ratio. The dependence of free energy per unit volume of island on aspect ratio is shown in Fig. 6 for a range of values of R. These curves are obtained by adding the contribution of strain energy to the surface energy contribution scaled by R. Increasing values of R correspond to decreasing island size for fixed values of M and ⑀ m .
Several features relevant to coherent island growth are evident in Fig. 6 . First, there is a local minimum in each curve representing energy variation versus aspect ratio at fixed island volume. The aspect ratio at which the energy minimum occurs represents the equilibrium island shape for that volume. Furthermore, the minima occur at increasing values of aspect ratio for decreasing values of R ͑increasing island volume͒ implying that islands become taller as they grow. For growth of Ge on Si͑100͒, the system parameters have approximate values of ⑀ m ϭ Ϫ0.04, M ϭ 10 2 GPa, ␥ ϭ 2 J/m 2 , and A ϭ 5000 nm 2 for which R ϭ 1. This, in turn, implies an aspect ratio of about 0.2, which is similar to what is observed experimentally. 
B. Dislocation nucleation criterion
According to critical thickness theory, interface misfit dislocations are likely to form in uniform films once the self-energy needed to accommodate them is less than the work done by the elastic strain field in creating them from the growing strained coherent system. Similarly, interface dislocations can reduce the total free energy of a growing strained epitaxial island. Dislocations are most likely to form at the corners of the island, where the strain is most concentrated, and in fact, this behavior has been observed by several investigators. 4, 6, 7, 9 Thus, it is assumed here that a dislocation will form in the island/substrate interface near the position where the island free surface meets the substrate free surface when it becomes energetically favorable. The defect is al- FIG. 6 . Normalized free energy per unit volume vs island aspect ratio for system with coherent interface. The growth process follows the sequence of curves representing decreasing R. Thus the preferred island aspect ratio, which corresponds to the minimum in the free energy, increases as the island grows.
lowed to incorporate itself into the interface through mass transport; deposition of additional film material is not required to form the dislocation. The establishment of a critical condition for dislocation nucleation is based on the observation that the driving force causing the corner of an island to be pushed or pulled with respect to a stationary interface dislocation is the same driving force that causes a dislocation to be pulled into or pushed out of a stationary island/ substrate interface.
A schematic of the configuration considered to establish a nucleation condition, in the region very close to the island corner, is shown in Fig. 7 . It is supposed that a fully formed straight edge dislocation lies in the island/substrate interface at some small distance d from the island corner. The Burgers vector lies in the interface and is oriented so that the dislocation relieves mismatch strain. Two forces act on the dislocation that tend to either push it away from or pull it toward the corner of the island; alternatively, and in the context of the mechanism adopted here, forces equal and opposite to those acting on the dislocation also act on the corner of the island. The competition between these two forces on the island corner is the basis for the nucleation criterion. If the force pulling the island corner away from the dislocation is larger than the force pulling it toward the dislocation, then dislocation formation is considered to be favorable.
Image force on the dislocation
The force opposing the incorporation of the dislocation, labeled G image in Fig. 7 , is dominant for low mismatch strain ⑀ m . The effect of G image is to pull the corner of the island toward the dislocation; it is equal but opposite to the common force on the dislocation due to the nearby surface and its strength is proportional to 1/d. For a dislocation with Burgers displacement b, and with the distance parameter normalized by a, the image force takes the form
Mismatch force on the dislocation
The force promoting the incorporation of the dislocation, labelled G mismatch in Fig. 7 , is dominant for large mismatch strain ⑀ m . In general, the force on a dislocation in a stress field, given by the Peach-Koehler expression ͑Hirth and Lothe
10
͒ is proportional to the Burgers displacement and the resolved shear stress. Here, the shear component of traction acting on the interface is responsible for the force on the dislocation and it can be found from a solution for a stress field in the vicinity of an elastic wedge, given by Timoshenko and Goodier. 11 From the elastic wedge solution, a component of stress in a radial direction from the corner of the wedge is proportional to the radial distance raised to some power; taken on the interface, the shear component can be written as
where and B() are dimensionless functions of the particular wedge geometry. The general form for the radial and shear stress components in the elastic wedge solution given by Timoshenko and Goodier 11 is
where ␤ is the wedge angle and c 1 and c 2 are two independent constants. By satisfying the stress free boundary condition on the face of the wedge, can be specified for a particular wedge angle ␤ through the solution of a transcendental equation, sin( ϩ ␤) ϩ 2 sin͓( ϩ ␤)͔ ϭ 0, and one of the two constants can be uniquely determined. To find the other constant, however, the specific loading conditions for the configuration of interest must be considered. A solution for the state of stress for a large plate with a circular arc shaped mound under a remote, uniform tensile load was given many years ago by Ling. 12 The radial component of stress along the surface of the mound, rr , is given as 
͑15͒
where and ␥ are bipolar coordinates defined in Fig. 8 . Evaluation of this integral yields an expression which must be the same as the radial stress component in ͑14͒ in the limit as the point of observation approaches the mound corner. This provides an equation for determining the second constant in ͑14͒, and B() can then be determined for a particular wedge angle ␤. Both dimensionless parameters ͑␤͒ and B͓(␤)͔ are shown in Fig. 8 . The force G mismatch , pulling the island corner away from the dislocation, is then completely described in terms of the island width and corner angle by
If the aspect ratio h/a is known, then both forces competing to determine the likelihood of dislocation nucleation can be related to the size of the island, since the corner angle is fixed by the aspect ratio.
Critical condition for nucleation
The critical condition for nucleation is found by equating the two forces acting on the dislocation, so that G image ϭ G mismatch at some microstructurally significant distance d. The expression reduces to
The term a cr refers to the particular value of island width a above which the formation of a dislocation is favorable. Thus, for a given island corner angle ␤, it is possible to determine the maximum island width for the growth of a coherent island/substrate system. It is reasonable to consider d to be on the order of the atomic spacing size. Figure 9 shows sample calculations for various levels of mismatch strain with d ϭ b. Since the preferred aspect ratio for a growing coherent island is already known, the nucleation criterion can be used to predict the onset of the dislocated island growth regime. It is noteworthy that the results of Fig. 9 suggest that there is some island size below which nucleation by this mechanism cannot occur, no matter what the value of ␤. For example, for ⑀ m ϭ 0.04, this island size is approximately 400b.
C. Island morphology following dislocation formation
To continue the discussion of strained island morphology, it is assumed that the island has become large enough for dislocation nucleation to be possible. If a misfit dislocation is formed in a strained island, it further relieves elastic strain. This changes the balance between strain energy and surface energy which, in turn, implies the existence of a driving force tending to reduce the aspect ratio of the island ͑at constant volume͒ and to redistribute the material into a new equilibrium configuration. In the real time observations on dislocation formation in islands and subsequent changes in morphology reported by LeGoues et al., 7 once a dislocation appears in a particular island, that island immediately reduces its aspect ratio by a significant amount. Then, following further growth of the island due to continued deposition of material, the aspect ratio gradually increases until, upon the appearance of another misfit dislocation, the aspect ratio of the island is again suddenly reduced. It is the purpose here   FIG. 8 . Analytical scheme for dislocation nucleation criterion. Ling ͑see Ref. 12͒ solves for the stress field in a plate with an arc shaped mound using bipolar coordinates given by ϭ ln(r 1 /r 2 ) and ␥ ϭ ϩ ␤ ͑left͒. By considering the full boundary value problem of the mismatch strained island, the functions and B can be related to the geometry and the angle ␤ ͑right͒.
FIG. 9.
Critical island size vs island corner angle. For a given mismatch strain ⑀ m , the normalized island width above which dislocation nucleation is expected is shown to depend on the island corner angle ␤. to analyze the growth process in the same spirit as in section A in order to show that the model has the same tendency as the experimental findings.
Energy in a dislocated system
The initial and final equilibrium stages of introduction of an interface dislocation into a coherent island/substrate system are represented in Fig. 10 . The circular arc shaped island has area A 0 and an initial aspect ratio of 0 ϭ h 0 /a 0 . If the island grows until the width a 0 exceeds the critical dislocation nucleation width a cr for the aspect ratio 0 , then an interface dislocation forms at the corner of the island, and the island aspect ratio adjusts by mass transport. Assuming that the island retains a circular arc shape, the system tends to adopt an aspect ratio that is a minimum free energy configuration. It should be pointed out that, for the purpose of this analysis, the position of the dislocation is fixed with respect to the left edge of the island. This permits an unambiguous assessment of the conditions for insertion of a dislocation at the right edge and, in particular, whether or not the free energy is diminished by dislocation formation. It is anticipated that, if the left edge of the island would be allowed to move freely, then the final equilibrium configuration would be fully symmetric with the dislocation centered within the island. During the process,the island area ͑or volume per unit width͒ is conserved so that the new area is A n ϭ A 0 , and the new aspect ratio is n ϭ h n /a n . To determine the new aspect ratio, the free energy of the original undislocated system is compared to the free energy of an undislocated system with the new aspect ratio, adjusted by the work done during formation of the misfit interface dislocation.
The total free energy of the undislocated system is the change in energy due to the presence of the island, given previously as
where, as before, F m represents the elastic strain energy and the second term represents the surface energy. The surface energy term for the dislocated system takes the same form as before, but the strain energy is now calculated by integrating over the superposition of the mismatch and dislocation strain fields in the island/substrate system. The normalized strain due to the dislocation, or the strain due to a dislocation of unit Burgers displacement, is written as
such that, as is the case with the mismatch strain, the entire dislocation strain field varies linearly with the width of the island, relative to the Burgers displacement of the system. With the strain field due to the mismatch now written as ⑀ i j m , the total strain energy is found by evaluating
͑20͒
The strain energy is combined with the surface energy contribution, which is again given by ͑9͒. The complete expression for the free energy of the dislocated system is then
where F md and F d are the interface dislocation contributions that do not appear in the undislocated system energy. The first of the three terms in the system free energy, containing F m , is the mismatch strain energy and is obtained directly using finite element analysis as before. The term containing the surface energy measure, R, is also evaluated as it was for the undislocated system.
Dislocation interaction energy
The contribution to the total energy containing the term F md is the energy of the interaction between the dislocation and the mismatch strain field already calculated. This term represents the work done by the elastic strain field due to mismatch in the process of creating the dislocation in the island. With the normalizations introduced above,
The traction distribution due to the mismatch strain field along cut, which is the line extending from the interface to the island surface in the x 2 direction, is obtained by a finite element calculation. 
Dislocation self-energy
The contribution to the total energy containing F d is the self-energy of the dislocation. The normalized term F d represents the self-energy for the case of unit biaxial modulus M , unit island width a n , and unit Burgers displacement b. It is a function of only the aspect ratio n and the Poisson ratio , and not the mismatch strain. It can be viewed as the work done in creating a dislocation with unit Burgers displacement in an island without mismatch strain, and it takes the form
This term is evaluated by combining an analytical result, to account for the singular nature of the dislocation field, and a computational procedure, to account for the complex geometrical configuration and boundary conditions, as represented in Fig. 11 . The upper diagram in Fig. 11 shows an ''infinite'' body containing a pair of opposite signed edge dislocations. Using standard continuum fields for the two dislocations in an infinite body, the tractions induced on the prospective island/ substrate boundary, represented by dashed lines, can be calculated. The upper dislocation is inserted to increase the rate of decay of the fields far from the interface dislocation. The problem can be solved without this second dislocation, but its inclusion improves numerical convergence in the second step of the superposition and allows the extent of the finite element mesh to be decreased. This technique was first used in modeling the critical thickness of quantum wires in recent studies by Gosling and Freund. 13, 14 The lower diagram in Fig. 11 shows the actual configuration of the island/substrate system. To satisfy the zero traction boundary conditions of the system, a set of tractions opposite in sign to those determined analytically by the infinite body construction is applied to the surface of the island and substrate. Thus the resulting stress field i j is calculated numerically. The tractions induced by i j on the vertical cut from the interface dislocation to the island surface are then formed, and the integral ͑23͒ to determine F d is evaluated separately.
With the values of the mismatch strain energy F m , the interaction energy F md , and the dislocation self-energy F d known, the expression for the total energy in an island/ substrate system ͑21͒ can be evaluated. After the formation of an interface dislocation, the island adopts a new aspect ratio n if it corresponds to a lower total energy than the coherent system aspect ratio 0 . Figure 12 shows that for FIG. 11 . Superposition scheme used to find self-energy of interface dislocation. The infinite body configuration ͑top͒ is solved analytically and the boundary conditions are satisfied numerically for the actual configuration ͑bottom͒.
FIG. 12.
Free energy vs aspect ratio of two incoherent systems with different volumes. The free energy for the coherent case is represented by a solid curve; the dislocated case is represented by a series of markers. The curve for the dislocated case begins at the point of minimum free energy for the coherent case. The equilibrium aspect ratio of the island shifts to the local minimum in the lower curve. two island sizes, the total system energy can be reduced for an island that adjusts to a lower aspect ratio. The island would be expected to adopt the aspect ratio that corresponds to the minimum in the dislocated system free energy curve, which corresponds to an energy reduction of roughly 10% for typical systems. This process results in a significant ''flattening'' of an island upon introduction of an interface dislocation, which is consistent with experimental observations. As noted above, the actual equilibrium state would be different if the position of the left edge of the island in Fig.  10 would be unconstrained with respect to the dislocation.
IV. SUMMARY
A two dimensional model is developed to study the mechanics of the island growth process in strained epitaxial systems. Using a combined analytical and computational approach, a system consisting of an isolated arc shaped island on a much larger substrate with similar elastic properties is treated as a linearly elastic continuum. The highly nonuniform state of strain in the system is determined by means of finite element analysis and found to be very close to what is observed experimentally. Energetic considerations are then used to model the growth process from a coherent island/ substrate system to a system relaxed by an interface dislocation. The main conclusions are summarized as follows:
͑i͒
In a perfectly coherent system, for a given island volume, there is a particular island height-to-width aspect ratio that results in a minimum system free energy ͑Fig. 6͒. That is, for a growing island, it is possible to predict the preferred equilibrium island aspect ratio based on the minimization of the system free energy, which consists of surface energy and elastic strain energy. ͑ii͒
Based on an analysis of the forces on an interface dislocation near the edge of an island, a critical island size is found ͑for a given island aspect ratio͒ above which it becomes favorable for a dislocation to form in the film/substrate interface ͑Fig. 9͒. ͑iii͒ Once a film/substrate system forms an interface dislocation, there is a new island height-to-width aspect ratio that minimizes the system free energy. The system reduces its free energy by about 10% by lowering its height-to-width ratio, or flattening itself, following formation of an interface dislocation ͑Fig. 12͒.
